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(o) Unit-l1l Outcomes

At the end of the Course, Student will be able to:
CO 3 : Implement various transform techniques for the
analysis of signals and systems.
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Contents

Representation of Fourier series for continuous time periodic signals,
Trigonometric Fourier series and Exponential Fourier series,
Convergence of Fourier series: Dirichlet’s conditions, properties of
Fourier series, Complex Fourier spectrum, Fourier series of signals with
different symmetry.

Deriving Fourier Transform (FT) from Fourier series, Fourier transform
of arbitrary signal, Fourier transform of standard signals, Fourier
transform of periodic signals, properties of Fourier transforms, Fourier
transforms involving impulse function and Signum function.
Introduction to Hilbert Transform, Properties of Hilbert Transform.
Applications of Fourier Transform:s.
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Learning Outcomes

At the end of this Session, Student will be able to:
* LO 1: Demonstrate the spectral characteristics of signals using Fourier
analysis.
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AN Fourier Series

The representation of a f(t) over an interval (0,T) by a linear combination of set of
infinite number of mutually orthogonal functions is called Fourier Series representation.

Fourier series is mainly divided into two types:
1. Trigonometric Fourier series Representation
2. Exponential Fourier series Representation
3.Polar (Cosine) Fourier series Representation

Jean Joseph Baptiste Fourier
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FS representation of periodic function of period T

Equations for

ering College (A)

Conversion Formula

Series Representation

Trigonometric

Exponential

Polar

f(t)=a, +) (&, cosnwyt +b, sinnw,t)
n=1

ft)=c,+ ) c,e™ +) ce™
n=tk n=1

f(t) = D, + D, (cos(nwyt + ¢,

Coefficients
_1 j f (t)dt

t0
to+T

2
—= _[ f (t) cosnw, tdt

to+T

b == j f (t)sin nw, tdt
t
t0+T
= j f (t)dt
C ziwj f(t)e ™" dt
T
1 QT
c == | f()e™ dt
=T (t)

ty

tO +T

== jf(t)dt

a =

a Cn+C—n
:J[Cn_c—n]
C0=ao

C _an_jbn

n 2 .

R
n 5

D, = a,

Dn=./a,?+b,?
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Important Points on Symmetry

Even Symmetry a, exists

Odd Symmetry a,=0 bn exists

Hidden Symmetry Exhibits either even or odd symmetry
Rotational Symmetry | a, at odd values of n I b,, at odd values of n
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R Spectrum of Continuous Time Fourier Series(CTFS) *

x(t) (or) f(t) : : Ck (or) Cn
X Continuous Time
Continuous and : and
. ourier Serie
Periodic m

Key Points:
1.Fourier Series is applicable only for Periodic Signals
2.Fourier Series always generates Discrete spectrum.

3.If the input signal is in Continuous Time ,then the spectrum always
Aperiodic.
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A Periodic Signal At 1

N\ AN

-V \/ AV

If T—>00, what happens?

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 10



Aditya Engineering College (A)

CE Fourier Transforms

The main drawback of Fourier series is, it is only applicable to periodic
signals. There are some naturally produced signals such as nonperiodic or
aperiodic, which we cannot represent using Fourier series. To overcome this
shortcoming, Fourier developed a mathematical model to transform signals
between time (or spatial) domain to frequency domain & vice versa, which is
called 'Fourier transform'.

Fourier transform has many applications in physics and engineering
such as analysis of LTI systems, RADAR, astronomy, signal processing etc.
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Fourier Transform Pair

Fourier Transform: Inverse Fourier Transform:

F(jo) = f(t)ej“’tdtl f(t):zi ) F(jm)ej‘”tdool
— 0 TC ¥
F(C()) — EOOO f(t)e—jwtdtl f(t) _ ij‘oo F(a))eja)tda)

27T ¥~ |

Analysis Equation

Synthesis Equation

Note: Remember &= 2nf
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(o) Existence Fourier Transform

1. f(t) is absolutely integrable over the interval - to oo

[ ]f @t <oo

2. f(t) has a finite number of discontinuities in every finite time
interval. Further, each of these discontinuities must be finite

3. f(t) has a finite number of maxima and minima in every finite time
interval.
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x(t) (or) f(t) : : X(W) (or) F(w)
! Continuous Time
Continuous and $ and
. ourier Transtorm
Aperiodic W

Key Points:
1.Fourier Transform is applicable only for Aperiodic Signals
2.Fourier Transform always generates Continuous spectrum.

3.If the input signal is in Continuous Time ,then the spectrum always
Aperiodic.
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Fourier Transform of Standard Signals

Impulse function 6(t)
x(r)
¥ = 5(!) 5(t) = 1 fort=20
“|Ofort+0
-
- 0 t
X(w) =j x(t) e I@tdt
= j 5(t) e IWtdt
—jwt —
e lt=0 = 1 ‘X | _—
I
FISW] =1 or |8)«—1
. 0 :':_;
0 0]
Magnitude Spectrum Phase Spectrum
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x(0) = €”'u(n)

x(t) = e”*u(t) u(t) = {%) ;{g: zf f (()) l
X(w) = ij(t)e—f“”dt ’ r

P

e

e ult) e 7 dr

|
8

e eI gy

D —

" . —(a+jw)t l —oa 0
ZIE—(a+jw}rdr ={ € } _ € —e (=1 el
0

_{ﬂ‘i-jﬂ'}) : - —(ﬂ 4 f&.’) = —(a +ja,) : _.a +jé)’
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FADITYAY

Fle ™ u(t)] = 1_ or Je u(ry Ly L K
a+ jo at)o

Magnitude Spectrum b | Xtw) |

1 l :
X(w) = X(w)| = _ _ 1
ﬂ+jw {'12-1- &}2 At w 0 |X(O)| Jaz
1

At w = o |X(0)| = VaZz+oo?Z 0 - o —-;J
1
At w = — |X(_°°)|=m=0

Phase Spectrum _ 4 X()
- Atw =0 |X(Q) =—tan™1(0) =0
X(w) = -[an"l =

At w = o [X(o) =—tan™? (%) =-n/2 - A
n%\_ e
At w = —o0 |X(=) =—tan™? (?) =1/2 ~RR2Y T
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Double sided exponential function e/t

e™ N =% for +<0
x(t) = e @ltl = ~al)  —at
e =e¢ “ fort=0
= ¢~ u(—t) + e “u(t)
=e“u(—t) + e “u(r)
X(w) =j x(t) e I@tdt

0 iy 0 - i o
— J’Em' P L Je—ar e 1 dr — ‘[ Laion g o J’{,—nn;m;r dr =J‘ E-(u—jm]: dr_!_-[e—(aﬁm)l dt
—00 0 -0 0 0 0

{,-lﬂ—jm}r e lavjon
+
20

—(a - jw)

~(a+ jo) |
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{ AoffuAd

- O — -ﬂill
_e_”—e'ﬂ_l_e - L S 2a lx{”‘?
- —(a- jw) —(a+ jw) a—-jo a+ jo a” +
” 2a
F(fqulfi):‘ 9 = 2 or (e o ¢ = » 2 2
, a” + a +o 3 —
Magnitude Spectrum | !
2a ) 4| X(w) |
|1X(w)] = PR for all w Atw =0 |X(0)] = a2f02=2/a 2/a
2
At w = 00 |X(0)| = a2+‘;2= 0
At w = —oo |X(—oo)|=ﬁ:0 0 w
Phase Spectrum )X ()
|X(fu) =0 forall @
0 "o
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Rectangular Pulse or Gate Signal

<t<

T I1(t/7)

1.0

N N
N N

t t 1 —
s (—) or rect (—) =
T T

0 otherwise

oo

~7/2

X(w) = foox(t) e Jotdt

= T 1'1(-:—] e ™ gy

=l

r/2 -3 r/2
Jan 5
L I a2 —jw

0 T/2 !

—

j@
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—

_

wT
=7S8a—

= ;{Sin w(7/2)
A7/2)

. m
= T sinc ——E
2

f’_.z_' 2

\rect (E-) =11 (—I—) T 5 rsinc
T T 2

./ /\f 0 ! >
] . i m
_4r 'Main lobe ! 4r
T ' .' T
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Evaluation of coefficients

Evaluation of b,,

The component of f;(t) along f,(t).
1) = Ci2. f2(8)

b,, is the component of f(t) along sinnwyt

ft°+ f(t)sinnwyt dt ft°+ f(t)sinnwyt dt

INAGIAGE:
INFHGEL

Ci2 =

ft°+Tf(t)sinnw0t dt

b, = _
to+T T
fttoo sin® nwt dt " [+t 1- co;ano dt 1/2[f "1 dt - 0°+ cos2nwyt dt]
to
t
f o+t f(®)sinnwyt dt
b, =
i 1/2[T]
) to+T
== f f(t)sinnwyt dt
t
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{ADFFuAY

cos nw,t + b, sin nw,t)

F)=a,+> (@
ot &

-3

- 1 to+Tf , dt 2 to+T 2 to+T
% == tj; (t) a, == tjo f (t) cosnw, tdt b, =< {[ f (t)sin nw, tdt
Component of f(t) at the origin Component of f(t) along Component of f(t)along
(Average value (or )DC Value) Cosnwot(Even Component) Sinnwot(Odd Component)
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farte) mplex Exponential Fourier Series Representation:

Exponential Fourier series Representation means the representation
of a f(t) over an interval (0,T)by a linear combination of infinite
number of exponential functions.

f(f)~e™ (N=0£12,....)
f(t)=c,e’O"™ +ce™ +c,el® ... +c.e!™ 4 .

c e ™ e e yc e 4 e e ™

f (t) = C, + ZCnej”WOt _I_Zc_ne—jnwot
n=1 n=1

ft)=>) c.e™ +c,+> c,e™ n=—c0
n=1

n==1
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Evaluation of C,,

The component of f;(t) along f,(t).

f1(t) = Cia. f2(2)

C, is the component of f(t) along e/"®ot

T T
ft0+ f®e —jnwot ¢ ft0+T f®e —Jjnwot ¢ ftO"' f(te —Jjnwot g¢
Cnh = C,, = C., =
n ftt0+T pinwot p—jnwot It n J‘tO"‘T 1dt n T
0 to
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Evaluation of C _.,

The component of f;(t) along f,(t).

f1(t) = Cia. f2(2)

C_, is the component of f(t) along e~/n®ot

fto"'T f(t)e]nwot dt ft0+T (e jnwot gt ft0+Tf(t) jnwot gt
n ft0+T p—inwot gjnwot ¢ n J‘tO"‘T 1dt n T
to to
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Evaluation of C,

The component of f;(t) along f,(t).

f1(t) = Cia. f2(2)

Co is the component of f(t) at the origin

[ feye~Tmoot d [T F(t)e I ©@wot gt 2 f@ ae
C., = Ch = Co =
n fttoo"'T pinwot p—jnwot It 0 ftZO"'T 1dt 0= T

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 29



m Aditya Engineering College (A)
FABITUAY

o0 o0
_ jnwt — jnwt
f(t)=c,+> c.e™ +> c_e
7 n=1 4 n=l S
to+T to+T
1 ot 1° — jnwet _ i inw,t
Co== [ f(t)dt C =+ [ fe ™ dt Co =1 [ ™ d
T to to to
Component of f(t) at the jnwt — jnw,t
Component of f(t)along e '™ Component of f(t)along e 0

origin(Average value or DC Value)
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Consider Trigonometric Fourier series

Convert sin and cos in terms of compl

Relation between Trigonometric Fourier series

ng College (A)

f(t) =a, +>_ (@, cosnwyt + b, sin nw,t)

n=1

ex exponentials

jnwt — jnw,t

jnwgt n e—jnwot ] B —e
COS NW,t = 5 SIn NwW,t = 2]
oo e jnwt 4+ e—jnwot e jnwgt e—jnwot
f(t):aO_I_Z(an[ ] : bn[ - ])
n=1 2 2 J
> - a b - a b
f(t) =a, + e!™o' [~ + ]+ e M2 .
(t) 0 nZ:; ( [ > "2 ] [ > 2 D

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE

31




Aditya Engineering College (A)
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oo - a b : a b
f () =a, + e!™o [ + ]+ e 1™ [2 “D........ 1
(t) 0 ;( [2 2j] [2 2j]) (1)
Consider Exponential Fourier series f (t) =cC, + ZcmejnWOt +ZC_ne_jnW°t ......... (2)
n=1 n=1

Compare equation 1 and 2
Exponential Fourier Series coefficients in terms of  Trigonometric Fourier series coefficients in terms of Exponential

Trigonometric Fourier Series coefficients Fourier Series coefficients
C, =, a, = C,
a, —Jb =
. 2J a, =C,+C
C_, a, + Jb bn:J[Cn_C—n]
) 2

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 32
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el - Convergence of Fourier series

1. f(t) must be absolutely integrable over the interval T seconds

T/2
[ 1f®dt<oo

-T/2

This is known as weak Dirichlet’s condition.
2. The function f(t) must have finite number of discontinuities.

3. The function f(t) must remain finite and must have only finite number of
maxima and minima.

These are known as strong Dirichlet’s conditions.

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 33
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Cosine (or) Polar Fourier Series Representation

Consider Trigonometric Fourier series

f(t) =a, + > (a, cosnwyt+b, sin nw,t)

n=1

\/a +b,’
f(t)=a, + Z(a CosS NW,t +b_ sin nw,t)
\/a +b

f(t) =a, +\/a +b, Z( Y cosnwt+ D sin nw,t)

0 2 2
\/a +b,’ \/an +Db,

f(t) =a, +\/a +b, Z( Y cosnwt+ D, sin nw,t) a

0 2 2 0 Cosg, = :
\/a +b \/an +Db, a?ih,?

f(t)=a +\/a ‘+b 2Z.O:(c:Ongﬁ COs NW,t +sin ¢ sin nw,t) sin g, = ——t
0 n n n 0 n 0 n 2 bz

n=1 Where a, +0,
= D, =a
ft) =D, +D cos(nw,t + ° ° b
( ) 0 n;( ( 0 ¢n) Dn — \/anz N bn2 ¢, =—tan (a)

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE

34




Aditya Engineering College (A)

finran)
Where
D, =a,

f(t)=D, + Dni(cos(nwot +4d,)

Dn=./a,? +b,?

'D,," Specifies the magnitude of spectral components at nw

'D,,’ also called as Amplitude Spectrum of f(t)

‘D, Specifies the phase information of spectral components at nw,

'D,,’ also called as Phase Spectrum of f(t)

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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Derive the polar Fourier Series and Prove that D,, = 2|c,|

Dn=4a’+b,’

From a,=cC,+C_, and bn = j[Cn —C_n]

Dn = \/(cn +c.,)° +(jc, —c,)?

Dn = \/(an +c_“+2cc)-(c, +c -2c.c.)

Dn=,/(4c.c_,

D, = 2|Cn|
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(aiae) Properties of Even and Odd function

1.x,(8). xc(t) = x.(¢)
2. %0(t). %o (t) = x,(t)

3. X (). %, (t) = x,(t)
4. [ x.(O)dt =2 [ x.(t) dt

5. x,(t)dt =0

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 37
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ios in periodic fund

Dif fernt types of Symmetries in Periodic functions

1.Even Symmetry

2.0dd Symmetry
3.Hidden Symmetry

4.Rotational Symmetry

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 38
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1.Even Symmetry

Aditya Engineering College (A)

Let f, (t) is an even function

to+T

a, = - t{ f (t) cosnw, tdt

Even x Even =Even Since x,(t).x.(t) = x,(t)
2

T/2
a, :?{2 '([ fe(t)cosnwotdt}Since f_TTxe(t) dt = 2f0Txe(t) d

4 T/2
a, =?[ '([ f,(t)cos nwotdt}

If f(t) is an even function then the corresponding Fourier series contains only
even components and odd components will be zero

to+T

2 .
b, =T t_[f(t)sm nw, tdt

T sinn d
EVGII X Odd Odd

Since x,(t).xy(t) = xo(t)

Since f_TT xo(t) dt = 0

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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/i)
Examples b 20D -
— — &= ?
a, =7 ’ ’ b =7
a, ="7?
b, =7

=
L
o O
> > o
I I
D D D

J'Hr& /1"“ a'O — ? \
o . a =7
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2.0dd Symmetry

Aditya Engineering College (A)

Let f, (t) is an odd function

to+T

a, =— j f (t) cosnw, tdt
L

T

anzTg f, (t) cosnw, tdt
Odd x Even =0dd

Since x¢(t).x,(t) = xy(t)

Since f_TT xo(t) dt = 0

If f(t) is an odd function then the corresponding Fourier series contains only
odd components and even components will be zero

b

to+T
b, =T t_[f(t)sm nw, tdt
2 T/2
b, == | f,(t)sinnw,tdt
T
T/
Odd x Odd Even  Since xqo(t).xy(t) = x,(t)

F

2 T/2 -
)= ;{2 ! fo (t)sin nw, tdt} Since [ x, () dt = 2 [ x,(£) d

4 T/2
b, :% ! f, (t)sin nwotdt}

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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E xamp les sl A x(r)
a, =7
v ’ T 0 T 1 a, =7
a, ="? b, =7
a, =7
b, =2
4 xir) xir)

)
O QD
o
I I
D D D
= ¥
O QD
> o
I
D D D

,:._T u VT l F J

o
I

O
>
I
-
l-.i
&
=t
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terms.

obscured by a dc term.

Often one comes across a periodic function without any apparant form of
symmetry, yet it possesses a Fourier series containing only sine or cosine

The reason for this behavior is that the symmetry of this function is

4 (1)

A

/ L
#
'r
. e

=T

/l

0 T !

f(t)-A/2
.

r"'_ T

Note: Hidden Symmetry exhibts either even or odd symmetry

/| /

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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() 4.Rotational Symmetry

If the waveshapes of alternative half cycles are identical but opposite in sign,
a rotational symmetry exists.

Condition for rotational symmetry f(t) = —f(t+T/2)

If the f(t) satisfies the rotational symmetry , then the corresponding Fourier
series contains odd harmonics.
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-T2

4 (1)

A
f{t+T/2)

[
&
.-

-T2

A _ft+1/2)

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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{ADFFuAY
Proof:
o T2
a, = T _[ f (t) cosnw, tdt

-T/2

0 T/2
a, :é{ _[f(t) cosnw, tdt + Jf(t) cosnwotdt}
0

-T/2

T . : :
replacet =t + > in the second integration
dt=dt

N~

Upper Limitt =0 Lower Limitt = —

0 0
a, :TE{ jf(t)cosnwotdtJr _[f(t+T/2)cosnw0(t+T/2)dt}

-T/2 -T/2

0 0
a =$[ _[f(t)cos nw, tdt + jf(t+T/2)[cos nw, (t) cos nw, T /2 —sin nw, (t)sin nw, T /2) |dt

-T/2 -T/2
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0 0
a =$[ jf(t)cos nw, tdt + If(t+T/2)[cos nw, (t) cosnw, T /2 —sin nw, (t)sin nw, T /2)]dt}
T/2 T/2

2T

Substitute wy = T

0 0
a, =${ jf(t)cos nw, tdt + j f(t+T /2){003 nw, (t) cos n(z?ﬂ)TIZ—sin nw, (t)sin n(?)T/Z)}dt}
T/

-T/2 -T/2

0 0
a :TE{ jf(t)cosnwotdt+ _[f(t+T/2)[cosnw0(t)cosn7z—sin nw, (t)sin nﬂ)]dt}

a :TE{ if(t)cosnwotdt— _Tf(t) cosnw L (O(=D" —sinnw (t)(O))]dt} Since f(t) = —f(t £ T/2)

( p T/2
T f f(t)cosnwytdt for Odd values of n

0 for Even values of n
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FADITYAL

Proof:
2 T/2
b, = ?_Tj/ 2f (t) sin nw, tdt
2 0 T/2
b, == jf(t)sinnwotdu jf(t)sin nw, tdt
T -T/2 0

T . : :
replacet =t + > in the second integration
dt=dt

N~

Upper Limitt =0 Lower Limitt = —

0 0
b, :3{ jf(t)sinnwotdu J‘f(t+T/2)sinnw0(t+T/2)dt}
T 50 T2

0 0
b, = %[ j f (t)sin nw, tdt + j f(t+T/2)[sinnw, (t)cosnw,T / 2+ cos nw, (t)sin nw, T / 2) ot

-T/2 -T/2

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 48



/4§““““§“

M]lhrgJA

Aditya Engineering College (A)

0 0
b, = %{ 'f f (t)sin nw, tdt + j f (t+T /2)[sin nw, (t)cosnw,T /2 + cosnw, (t) sin nw, T /2)]dt}
T/2 T/2

2T

Substitute wy = T

0 0
b, :TE{ jf(t)sin nw, tdt + j f(t+T /2){sin nw, (t) cos n(z?ﬂ)T /2 —cosnw, (t)sin n(z?ﬂ)TIZ)}dt}
T/

-T/2 -T/2

0 0
b, :é{ '[f(t)sin nw, tdt + _[f(t+T/2)[sin nw, (t) cos Nz + cos nw, (t) sin nyz)]dt}

-T/2 -T/2

b, = Tg{ j f (t)sin nw, tdt — i f(t)[sin nw, (t)(-1)" —cosnw, (t)(O))]dt} Since f(t) = —f(t+T/2)
( T/2

4
— f f(t)sinnwytdt for 0dd values of n
b,={ T

0 for Even values of n
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1.Find Trigonometric Fourier Series Expansion of half wave rectified sine wave shown in fig
f(t)

Solution: -2r - 0 n 2r I [

1.ldentify the basic signal and Convert Graphical(Wave form) representation
into functional representation

f(t)

A
Asint 0<t<m
0 x 2 1 f(t)z{o m<t<2m
2.Find fundamental time period T =2n
2 2x
d tal frequenc =— ===
Fundamen q y @, T ¥
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Aditya Engineering College (A)

to+T

3. Trignometric Fourier series Expansion formula a :TE If(t) cosnw, tdt
t

to+T

e [ £t o
. | b b, == [ f(t)sin nw, tdt
f(t)=a, +) (&, cosnwyt +b, sinnw,t) T
n=1
4.Evaluate TFS coefficients/Components
A
1o | _A r _ A _24_4 ap =—
a, =7 E[ f(t)dt :EJA sin 1 dr ——2;[—1:05 :]U _ﬂ [-(cos T — COos 0)]--— E pn 0=
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Aditya Engineering College (A)

to+T
l

2
a, =— | f(tycosnw,tdt =—
tho (tycosnw,tdt =

b4
J. A sin t cos nt dt
0

. 4
I sin f cos nt dt

o
T
=5;£sin(1+n)r+sin(l-—n)r
_A [_cos(li-n)t_cos(l-lmr
27 l+n I=n
__ A [cos(l+n)fr—coso+cos(l—n)zr—cosO
27 l+n l-n
=-—A- (_l)n-i-l_l (_l)ll-l_l
+
2r 1 +n l-n
All- -
Qy ==7— l+l I =0
2r|l+n 1=p

|

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

a, = (for even n)
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- Aditya Engineering College (A)
{ AbFruAY
2 to+T
b, == [ (©)sin nwtdt
to
1 i g
=—~J' A sin ¢ sin nt di
To
¥
=ﬂ I sin [ sin nt dt
'
A T
=-—“cos(n-1)f —cus(n+l):]dr
2r
T
A sin(n=-D)r_sinn+ 1 This is zero for all values of n except for n = 1.
2| n-l n+l |
A
Forn=1, by Tow

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

5.Trigonometric Fourier series Expansio

=ay +b sinr+2a" cos nt

n=1
A A . c 2A
=—+4——sint— cos i
z 2x f.z:mﬁ("z -1)
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2.Find Trigonometric Fourier Series for the waveform sh)own in fig
§x(r
'. ‘-A ’l":
Solution: o § : il
-4r  3nm 2n - 0 * 2n 3
1.ldentify the basic signal and Convert Graphical(Wave form) representation
into functional representation
T.t(l')
A (Alm)t for 0SIST
x(1)= 0 for 7<t1<2x
0 n n 1
2.Find fundamental time period T =2n
2 2
Fundamental frequenc =— =—1=]
quency @ T o

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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(o)

Aditya Engineering College (A)

3. Trignometric Fourier series Expansion formula

1
a,=—
f(t)=a, +) (&, cosnwyt +b, sinnw,t)
n=1
4.Evaluate TFS coefficients/Components
to+T 2r T 2 o
a0=i jf(t)dt =_I—-J.,r(r)cﬂ' =_l- id‘-rdr =._A,,— b ==f‘-
T4 2 2 24 ot | 2], 4

Tf (t)dt

t

to+T

2
a, =T {[ f (t) cosnw, tdt

to+T

b, == jf(t)sin nw, tdt

n
ty

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

t0+T n A

< jf(t)cosnw tdt o) 7

d AT
. oSk =—zj-rcosm d!
0
A rsmm T 7% sinnt
ﬂ“ 1o n
A r'1::05 nt J'T
" & 0
=——(cos nx - cos Q)
°n®
. —QA/Z*n*)  for odd n
n -
0 for even n

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

tO +T

— _[f(t)sm nw, tdt

T
. A A% A[e(- e &
= — J x(t)sinntdt =— | —tsinntdt =— | tsin nt dr = [ il R o
2z 0 T ! T 2 ! ”2 n ¢ ‘([ 7 dt

7 n 2

A cos n i n
R 7l’+(smm)
n 0

A
= =— (05 nir = _{l__ (__l)ﬂ-l-l
nix nmw

Alnr for odd n

-(A/nx) for evenn

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 60




Aditya Engineering College (A)

5.Trigonometric Fourier series Expansio

x(t)=ay + 2 a, €os n@yt + b, sin nay,t

n=|\

A 2A & cosnt A :
) e Z ! +_2(_l),,+1 sin nt

4 7(2 n=odd l'l2 ”n=l n
A 2A 1 1
_Z—;z- COSI+3—2COS3I+?cosst+...]
+é|:sint-lsin2:+lsin 3t—lsin4r+---
T 2 3 4

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 61



_ e

3.Find Exponential Fourier Series for the waveform shown in fig
?.‘(l)

..........

A

-1

Solution:
1.ldentify the basic signal &Convert Graphical(Wave form) representation into

functional representation
I A Osisrx
0 x ()=
-A -A rsSi1S2x
2.Find fundamental time period T =2m
2 2rm

Fundamental frequency @y =— =-—=1
r 2n

62
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f«@\ Aditya Engineering College (A)
FABIFYAY

to+T

3.Exponential Fourier series Expansion formula 1 [ @at
Co ==
T t

f(t)=c,+ > ce™ +>c e™
n=1 n=1

l to+T
c,=— | f()e’™" dt
T
1 to+T .
c, = [ fe™ dt
t

0

4.Evaluate EFS coefficients/Components

1 to+T

Co:? tjof(t)dt =-21;[E|;Adr+:_[ —Aer =2—?r-[(r)g—(;)ir] =0

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 63



Aditya Engineering College (A)

t0 +T

= j f (t)e ™t dt

[I Ae™ M a‘r+2j.r Ae™ dr}

A [ ot )" ( it ]3"
2 || —=jn o - jn a

A : - .
=—— [(E—Jltﬂ' _ Eﬂ) _ (E—;_mr — g x )]
jZHR' 2 frifekyl
x(t)=Cy + Z C,e “
- A [(—l)" . l]_[l _("‘1)"] - ,ZA H=—o=
Jj2nr == n#0
(24 = oA
—Jj— foroddn _ jut
C,=1 er = _Z j— E for odd n
0 for even n
Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 64
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4.Find Exponential Fourier Series for the waveform shown in fig
4 x(1)

n 27 ¢
Solution: -2n - ’ ‘
1.ldentify the basic signal &Convert Graphical(Wave form) representation into
functional representation ()
A
X)=Asint 0<t<7xw
0 Y
2.Find fundamental time period T =n
27 _2r

2

Fundamental frequency @, = T x

65
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f‘ 8% Aditya Engineering College (A)
{ABITYAY

to+T

3.Exponential Fourier series Expansion formula 1 [ @at
Co ==
T t

f (t) — CO + chejnWOt _I_Zc_ne_jnWot
n=1 n=1

l to+T
_ - — jnw,t
Cy = t[ f (t)e ™t dt
1 to+T
_ = jnwt
Co=7 tj f(t)e ™ dt
4.Evaluate EFS coefficients/Components
¢ —itoff(t)dt 1 TA - A A 24
T " ¥/ s SIn £ df 2;_[-(:05.'][} 2;["(%51—(:050)] =_;
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Aditya Engineering College (A)

t0 +T

== j f ()e ™" dt
=—j' Asin te™%" g
T

- -3
=—I sin re” =" dt
.9

AT (el = ]e-izm d =—.A ﬁ g/(1=2nx -e"‘“*wa -t (e"“‘zu), g~ i+ \T
4 Jrm ( Rz jl=-2n) - J(+ Zn)]n

__A [ef(l-Zn)R_ e gmimm _ L0
2| j-2my -j(1+ 2n)
C o240

7(1-4n?)
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m Aditya Engineering College (A)
{ADFFuAY

5.Exponential Fourier series Expansion formula

N ' C i _ C jnwt
f (t) = CO + cheJnWot +ZC_ne_JnW0t f (t) — CO + che 0
n=1 n=1

N=—o0
exceptn=0

X{l)= 2A
H=—oa H(l = 4”,2)

EJ 2t

T
?ru=-m 1-4!’!2
n# 0
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5.Find Exponential Fourier Series for the waveform shown in fig
ﬁ.t(l)

Solution:
1.ldentify the basic signal &Convert Graphical(Wave form) representation into

functional representation o
X

A

x(1) = A sin 7Tt for 0<r<1

—p
t

0 !

2.Find fundamental time period T =1
27

Fundamental frequency @, = - = 2r

_ e

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE



f ApiruAN

Aditya Engineering College (A)

3.Exponential Fourier series Expansion formula

f (t) — CO + chejnWOt _I_Zc_ne_jnWot
n=1 n=1

4.Evaluate EFS coefficients/Components

1tO+T 11 _ 1
=3 | 1O =< [ Asinr =A[ CUWL _24
o 0 T b4

C

C

to+T

c, =T1 j f (t)dt
to

to+T

j f (t)e ™t dt
to

_1
" T
to+T
- :% [ e dt
t

0

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

to+T

c, = j f (t)e ™ dt

L
=
1

l .
—l- I A sin 7t eI gy
0

[Ejme—j?.um _ E—jme—jluﬂ ]

I
N>
1 O ey ==

] 1
J’ e (=2 g I o im(t2ny g
0

I
e

0

-—
T

-[ i®(1=2u)t J‘ i emim(+2uy ! 24
2jL jr=2n) )\ =jr(l+2n) 7(l-4n*)

>

0

71
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m Aditya Engineering College (A)
FABITUAY

5.Exponential Fourier series Expansion formula

N ' C i _ C jnwt
f (t) = CO + cheJnWot +ZC_ne_JnWOt f (t) — CO + che 0
n=1 n=1

N=—o0
exceptn=0
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m . Aditya Engineering College (A)
il Relation between TFS and EFS

Trigonometric Fourier series Expansion formula f(t)=a +i(a cosnw,t +b_sin nwt)
0 n 0 n 0

n=1

Exponential Fourier series

fit)y=c,+) c.e™ +) c e ™
n=1 n=1

Exponential Fourier Series coefficients in terms of  Trigonometric Fourier series coefficients in terms of Exponential

Trigonometric Fourier Series coefficients Fourier Series coefficients
C, =, a, = C,
Cn:an_jbn a.n :Cn+C_n
2 - -
Cn:a”_i_Jbn bn:J[Cn_C—n]
) 2
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farfes) Relation between TFS and EFS problems ="

6. Derive the Exponential Fourier Series from Trigonometric Fourier Series for the
waveform shown in fig 3 x(1)

TA

A Y
-

-
-————— - -

—

Solution: P -2n -7 0 o 2 =
1.ldentify the basic signal and Convert Graphical(Wave form) representation
into functional representation

x(1)
ta

~¥

—
4 2n t

(Alm)t for 0<rsrw
xU):{
0
2.Find fundamental time period T =2m

0 for tSt1<2x

2 2r
Fundamental frequency @y =— =—=1

T 27
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(o)

Aditya Engineering College (A)

3. Trignometric Fourier series Expansion formula

1
a,=—
f(t)=a, +) (&, cosnwyt +b, sinnw,t)
n=1
4.Evaluate TFS coefficients/Components
to+T 2r T 2 o
a0=i jf(t)dt =_I—-J.,r(r)cﬂ' =_l- id‘-rdr =._A,,— b ==f‘-
T4 2 2 24 ot | 2], 4

Tf (t)dt

t

to+T

2
a, =T {[ f (t) cosnw, tdt

to+T

b, == jf(t)sin nw, tdt

n
ty

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

t0+T n A

< jf(t)cosnw tdt o) 7

d AT
. oSk =—zj-rcosm d!
0
A rsmm T 7% sinnt
ﬂ“ 1o n
A r'1::05 nt J'T
" & 0
=——(cos nx - cos Q)
°n®
. —QA/Z*n*)  for odd n
n -
0 for even n

Signals and Systems (Fourier Series & Transform)

Dr. G Sridevi, Professor of ECE
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Aditya Engineering College (A)

tO +T

— _[f(t)sm nw, tdt

T
. A A% A[e(- e &
= — J x(t)sinntdt =— | —tsinntdt =— | tsin nt dr = [ il R o
2z 0 T ! T 2 ! ”2 n ¢ ‘([ 7 dt

7 n 2

A cos n i n
R 7l’+(smm)
n 0

A
= =— (05 nir = _{l__ (__l)ﬂ-l-l
nix nmw

Alnr for odd n

-(A/nx) for evenn
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Aditya Engineering College (A)

o = 2A
n Hz};‘z ( or odd !I) b” = -;;r_ (_I)HH
C0 - a‘0 C =, = fl-
0 0 4
_ d, — an 1 2A A
Cn = 2 25’- [_ 55 __J. ("'1)”+I
nm ¥/
= a, + Jb, —l 24 ; +1
-n 2 2 ”2 2 +J:I;( 1) ]
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@ Complex Fourier Spectrum Aditya Engineering College (A)

The Fourier spectrum of a periodic signal f(t) is a plot of its Fourier coefficients versus
frequency w .

It is in two parts: (a) Amplitude Spectrum and (b)Phase Spectrum

The plot of the amplitude of Fourier coefficients versus frequency is known as
the amplitude Spectra.

The plot of the phase of Fourier coefficients versus frequency is known as the
Phase Spectra.
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pE— Aditya Engineering College (A)
i \@Tg’)g/@
\Lf HF_J/L

Consider Exponential Fourier series

f(t)=c,+ > c,e™ +>c e™
n=1 n=1

Here c, is the component of f(t) atw =0

c, is the component of f(t) at w = w, ‘C"H:C
C. h °c
c, is the component of f(t) at w = 2w, o |
¢, c.
Cp, is the component of f(t) at w = nwy ‘ X

Tnay, 20, ~Gy 0 @ 20---n@, g

The Fourier spectrum exists only at discrete frequencies nw, wheren =0,1,2 ....
Hence it is known as discrete spectrum or line spectrum.

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE 80



L]
b3

;A@%m
P _ENLIGHTENS THE NESCIENCE e

Aditya Engineering College (A)

Case (i): ¢, is real

Cn=C_n

Phase spectrum.

Phase Spectrum is

Cn=C_pn

if c,, is real then Complex Fourier Spectrum having only Magnitude (Amplitude) Spectrum

Case (ii): ¢, is Complex

* anlcnlejen

C_n=|cyle™On

antisymmetrical about the vertical axis passing through the origin,

and hence phase Spectrum is an odd function of w.

if c,, is real then Complex Fourier Spectrum having both Magnitude (Amplitude) Spectrum and

Magnitude (Amplitude) Spectrum is Symmetrical about the vertical axis passing through the origin
and hence Magnitude (Amplitude) Spectrum is an even function of w.

-

Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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4.Find Complex Fourier Spectrum for the waveform shown in fig
4 x(1)

n 27 ¢
Solution: -2n - ’ ‘
1.ldentify the basic signal &Convert Graphical(Wave form) representation into
functional representation ()
A
X)=Asint 0<t<7xw

0 Y

2.Find fundamental time period T =n
27 _2r 5

Fundamental frequency @, = T x

82
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f‘ 8% Aditya Engineering College (A)
{ABITYAY

to+T

3.Exponential Fourier series Expansion formula 1 [ @at
Co ==
T t

f (t) — CO + chejnWOt _I_Zc_ne_jnWot
n=1 n=1

l to+T
_ - — jnw,t
Cy = t[ f (t)e ™t dt
1 to+T
_ = jnwt
Co=7 tj f(t)e ™ dt
4.Evaluate EFS coefficients/Components
¢ —itoff(t)dt 1 TA - A A 24
T " ¥/ s SIn £ df 2;_[-(:05.'][} 2;["(%51—(:050)] =_;
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Aditya Engineering College (A)

t0 +T

== j f ()e ™" dt
=—j' Asin te™%" g
T

- -3
=—I sin re” =" dt
.9

AT (el = ]e-izm d =—.A ﬁ g/(1=2nx -e"‘“*wa -t (e"“‘zu), g~ i+ \T
4 Jrm ( Rz jl=-2n) - J(+ Zn)]n

__A [ef(l-Zn)R_ e gmimm _ L0
2| j-2my -j(1+ 2n)
C o240

7(1-4n?)
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Aditya Engineering College (A)

5.Complex Fourier Spectrum

c =24 C = 2A__
T 7(1-4n?)
('1I =|‘:1__ — 24 =_2A
xll-401)*)  3x Cc 424
"l n
(_tz - (1.-: - 214. B —2(1
[l -42)*) 157
-3 -2 -1 | 2 3
1 .
l 0 l n
Ci=Cy= 24 ; :JimI 2A _2A
xl1-4(3?) 35« “35% 35
24 A
157 _24 24 15m
3n ir
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/.Draw the frequency spectrum for the waveform shown in fig
rt(l)

A

..........

-1

..........

Solution:

1.ldentify the basic signal &Convert Graphical(Wave form) representation into

functional representation
I A Osisrx
0 x ()=
-A -A rsSi1S2x
2.Find fundamental time period T =2m
2 2rm

Fundamental frequency @, == E

_ e

86
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f«@\ Aditya Engineering College (A)
FABIFYAY

to+T

3.Exponential Fourier series Expansion formula 1 [ @at
Co ==
T t

f(t)=c,+ > ce™ +>c e™
n=1 n=1

l to+T
c,=— | f()e’™" dt
T
1 to+T .
c, = [ fe™ dt
t

0

4.Evaluate EFS coefficients/Components

1 to+T

Co:? tjof(t)dt =-21;[E|;Adr+:_[ —Aer =2—?r-[(r)g—(;)ir] =0
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Aditya Engineering College (A)

to+T

c, = j f (t)e ™ dt
t

i

T
(facra]

=—/| | Ae™ ™ dt + | —Ae™ ™ dr}
2 0 r

" A [e-ﬁd )’r (e—jm ]ZX
2 || —=jn o - jn a

__ .ZA;{ [(E-j:m‘ —e") _ (E—jlmr _ e )]
j2n
A N I ZA
jzmr[( ' =1]=[1- 0] =
—Jr'H for odd n
C,={ nrx
0 for even n
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Aditya Engineering College (A)

5.Complex Fourier Spectrum (
P X —jﬂ for odd n
CD=0’ CH=1 nwx
0 for even n
Cy =0, 024 C, 24
2A 24 “ % 24
CI:C_I_-;, ZA 3-’-‘- 33 M
24 e Sz
C=Ca=1. S —
3 v TR T B
2A
Ci =0 ¢ m——
5 5 ™
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Aditya Engineering College (A)

(o) Power Spectrum

Let f(t) is periodic function with fundamental time period T

Average power of the signal f(t)

1 T/2
p = —f F ()12 de

T'J_r/,
1 T/2

P= - fOf@®adt
~T/2

From exponential Fourier series

f(t)= icnejnWot

N=—o0
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(B Power Spectrum

Aditya Engineering College (A)

T/2

p= [ rora
~T/2

Replace f(t)= ) c,e™insecond function

P — ejna)ot t dt 1 to+T _
f( ) c, == J' f(t)e—anot dt
T t
e 1 to+T .
z c, = j f(t)e ™t dt
P — Cn C_n t
n=-—oo
(00
— 2
P = E |cnl
n=—oo
Signals and Systems (Fourier Series & Transform) Dr. G Sridevi, Professor of ECE
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8.Find power Spectrum for the waveform shown in fig
4 x(1)

n 2n ¢
Solution: -2r - ’ ‘
1.ldentify the basic signal &Convert Graphical(Wave form) representation into
functional representation ()
A
x()=Asint 0<Srsx

0 N

2.Find fundamental time period T =n
2r _ 2 )

Fundamental frequency @, = T x

92
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{ABITYAY

3.Power Spectrum i,
_ 2 1%
p nZOO|cn| o= tj;f(t)dt
Exponential Fourier series coefficients LT -
= t[ f (t)e ™t dt
C, :itor f(t)e™" dt
L
4.Evaluate EFS coefficients/Components
c :ltoff(t)dt =if4 : A _A 2
°T . 7Ty SIn t =;_[-cus:]ﬂ “;[‘(Cusx—cns{})] =‘£~
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t0 +T

== j f ()e ™" dt
=—j' Asin te™%" g
T

- -3
=—I sin re” =" dt
.9

AT (el = ]e-izm d =—.A ﬁ g/(1=2nx -e"‘“*wa -t (e"“‘zu), g~ i+ \T
4 Jrm ( Rz jl=-2n) - J(+ Zn)]n

__A [ef(l-Zn)R_ e gmimm _ L0
2| j-2my -j(1+ 2n)
C o240

7(1-4n?)
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NN

2A
5.Power Spectrum = « Co=2a C, = _
_ 2 4 7(1 - an?)
P = |Cn| 4A2
=—00 C 2
n |C |2 B 4A2 A | 0| 7_[2
{1”22_1'1 0 _ 2
T
2A |C,|? = 44”
O el __24 , 44 A Al T op2
x(l-4(1)*)] 3 |G, 1% = o2
) 4A?
2A 2A 4A2 |CZ| = 2
C;=C,= =y IC,|2 = 2251 42
m[1-42)*) 157 2 225m?2 A 1‘ A |C|5= 127¢]
0 Wy 2(1)0
\ " 2A -2A
Ciy=C_L = - 2
’ Tl -4(3?) 35x |1C5 2 =L
1225m2
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99% of power is concentrated at ‘O’ and first harmonic frequency component and
remaining 1% of power is concentrated at remaining harmonic frequency components

If such a rectified sine wave is transmitted through a low pass filter ,which cut-offs the all
frequencies above w,, there will be no noticeable distortion at the output

N AA?
Gol® = —5

T dr=2
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