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What is logic design?

* What is design?
— given a specification of a problem, come up with a way of solving it
choosing appropriately from a collection of available components

— while meeting some criteria for size, cost, power, beauty, elegance, etc.
* What s logic design?
— determining the collection of digital logic components to perform a

specified control and/or data manipulation and/or communication
function and the interconnections between them

— which logic components to choose? — there are many implementation
technologies (e.g., off-the-shelf fixed-function @ components,
programmable devices, transistors on a chip, etc.)

— the design may need to be optimized and/or transformed to meet
design constraints



Numbering System

* Positive radix, positional number systems

* A number with radix r is represented by a string of digits:
A A, ,..AA,.A A, A 1A,
in which 0 < A, <rand.is the radix point.

* The string of digits represents the power series:

i=n-1 j=-1

(Number)r = Z Ai-l’i 4 A,-'I’j
1=0

—m
(Integer Portion) + (Fraction Portion)



Number Systems Used in Computers

Name : o
of Radix | Radix Set of Digits Example
Decimal r=10 {0,1,2,3,4,5,6,7,8,9} 2554,
Binary r=2 {0,1} 11111111,
Octal r=8 {0,1,2,3,45,6,7} 377
HexadEClma| r:16 {01112131415161718191A1 81 Cl D’ E1 F} FF16
Decimal 0 /1| 2|3 |4 |5|6 | 7|8 |9 |10 |11 |12 |13 14|15
Hex cj1, 234 |5|/6 7|8 |9 A/B C|DJE|F
Binary | oooo| 0001|0010 | 0011 |0100 | 0101|0110 | 0111 [1000 1001 {1010 |1011 {1100 1101 1110 1111




Number Systems Representation
* Positive radix, positional number systems
A number with radix (base) r (or b) is represented
by a string of digits (n in integer and m in fraction):
A A, ,...AA,. A A, Ldtign Part

in whidht@st it r and “"is the radix point.

* The string of digits represents the power series:

(E7A (S A o)
(Number), | r]

+ ive exponents j=-1 ~ - ive exponents
(Integer Portion) (Fraction Portion)

Chapter 1



Commonly Used Bases

Name Radix Digit takes values: Example
Decimal (d) 10 0,1,2,3,4,5,6,7,8,9 2786.94
Binary (b) 2 0,1* 1011.01
Octal 8 0,1,2,3,4,5,6,7 2764.35
Hexa- 16 0,1,2,3,45,6,7,8,9,A,B,C,D,E,F
Decimal (H) // / / / \

10,11,12,13,14,15

S57AC.F4D

*The Binary digit is called a bit
Bits take the values 0,1 only (OFF/ON) - can be manipulated

with Simple, Reliable Circuits



Positive Powers of 2

e Powers of 2

Exponent

Value

1

2

A

3

16

32

64

128

256

512

Sl No v~ wNk|o

1024

1K

=215=25x210=32K

Exponent | Value
11 2,048] 2K
12 4096| 4K
13 8,192| 8K
14 16,384|16 K
15 32,768
16 65,536]| 64 K
17 131,072] 128K
18 262,144| 256 K
19 524,288| 512 K
20 1,048,576 1 M
21 |2,097,152 2 ™M




Binary Numbers:
Special Powers of 2

210 (1024) is Kilo, denoted "K"

220 (1,048,576) is Mega, denoted "M"
230 (1,073, 741,824) is Giga, denoted "G"

240 (1,099,511,628) is Tera, denoted “T"



1.1-) List the octal and the hexadecimal numbers from 16 to 32.

Octal :
16=81x2+8°x0 => (16)10=(20)8
32=81x4+8"x0 => (32)10=(40)8

Hexadecimal :

16 =161 x 1+ 16°x 0 => (16)10 = (10)16
32=16x2+16°x 0 => (32)10 = (20)8



1.2-) What is the exact number of bytes in a system that
contains (a) 32K byte, (b)64M bytes, and (c)6.4G byte ?

(a) 32K byte:
1K =219=1024
32K =32 x219=32x1,024 = 32,768




(b) 64M byte:
1M =220 =1048,576
64M =64 x 22° =64 x 1,048,576 = 67,108,864

(c) 6.4G byte:
1G =23°=1,073,741,824
6.4G=6.4x2%=6.4x1,073,741,824=6,871,747,674




1.3-) What is the largest binary number that can be expressed

with 12 bits? What is the equivalent decimal and hexadecimal

?

Binary:

Decimal:
(111111111212)2=1x 2°+ 1 x 21+ 1 x 22 +.....+ 1 x 211 + 1 x 212

Hexadecimal:

(1111 1111 1111), =




1.4-) Convert the following numbers with the indicated bases

to decimal : (4310)s, and (198)12

(4310)s=0x5°+1x5'+3x52+4x5=0+5+75+500

(198)12=8x 120+ 9 x 121 + 1 x 122 = 8 + 108 + 144



1.7-) Express the following numbers in decimal :

(10110.0101)2, (16.5):s.
(10110.010 1) =2t+22+(2M)+(27-2) + (27-4)

(10110.0101)2 = 2 + 4 + 16 + (1/4) + (1/16)

(16.5)s

(16.5)16= 6 + 16 + (5/16)



1.8-) Convert the following binary numbers to hexadecimal

and to decimal : (a) 1.11010

(@) (1.11010)2=(1.D)=1x 16° + D x (16~-1)



1.9-) Convert the hexadecimal number 68BE to binary and

then from binary convert it to octal .

(68BE) 1

Binary form:

(0110 1000 1011 1110).=(0110100010111110)-
6 8 B E

Octal form:

(0110 100 010 111 110)-

06 4 2 7 6 =(064276)s



(a)

1.10-) Convert the decimal number 345 to binary in two
ways :

Convert directly to binary;

Convert first to hexadecimal, then from hexadecimal to

binary. Which method is faster ?



Method 1:

Number Divided by 2 Remainder
(345)10 345 345/24172)

—
172 1 72/2@

43— 43/2%21 )

N
~
S
k
| ) O N N Q| OO~




Method 2:

Number
345

21

(345)10=(159)16

Divided 6y 16 ~ Remainder

345/16521 ) 9 1

21/1651 )——5

(1101 1001):




1.11-) Do the following conversion problems :
(a) Convert decimal 34.4375 to binary .
(b) Calculate the binary equivalent of 1/3 out to 8
places.
Then convert from binary to decimal. How close is the
resultto 1/3 ?
(c) Convert the binary result in (b) into hexadecimal.
Then convert the result to decimal . Is the answer the

same ?



34.4375

N\

34 0.4375
34:2=17 £=0 0.4375%2=0.875 =0
17:2=8 =1 0.875%2=1.75 =1
8:2=4 =0 0.75%2=1.5 =1
4:2=2 =0 0.5%2=1.0 r=1
2:2=1 =0 0*2=0 =0
0.4375=(0.01110).

34=(100010):

34.4375=(100010.01110)2



(b) 1/3=0.3333...

0.33333*2=0.66666 r=0
0.66666*2=1.33332 r=1
0.33332*2=0.66664 r=0
0.66664*2=1.33328 r=1

0.3333...=(0.010101....)=0+ % +0+1/8+0+ 1/32 +...
=~0.33333...



(c)

0.010101010...=0.0101 0101 0101

(0.555..)16=5/16 +5/256 +5/4096 +...=~0.33203



CODES

We classify codes Into 2 types.

» Weighted Code
» Unweighted Codes



Binary Codes for Decimal Numbers

Code: A set of n-bit strings in which different bit strings
represent different numbers or other things.

Code word: a particular combination of n-bit values
— N-bit strings at most contain 2" valid code words.

To represent 10 decimal digits, at least need 4 bits.

Excessive ways to choose ten 4-bit words. Some common
codes:

— BCD: Binary-coded decimal, also known as 8421 code

— EXxcess-3

— 2421...



BCD code

* 0000:0 ....1001: 9

« Packaged-BCD representation:
— 8 bits (one byte) represent 0---99

« BCD addition

— Similar to add 4-bit unsigned binary numbers.

— Make correction if a result exceeds 1001 (9). By adding
0110 (6).

— Carry Into the next digit position may come from either the
Initial binary addition or the correction-factor addition.



E Table 2-8 Decimal codes.

Decimal digit  BCD (8421} 2421  Excess-3  Blguinary  1-oul-of-10
(t (KK DK (K11 (H (HICHD 1BHOCO00
J 002 (003 0100 100010 (00000000
2 (K10 O (HLH OOI00 (0 10000000
3 001 ] (1 1 0110 010100 00K 1 D00000
4 (HIH) 010 (H 11 (LI0000 (000100000
5 0101 101 ] 1000 100000 DO000 10000
5 (H 10 | 1000} 10H 000G (000001000
7 0111 11041 10110 | 0GH1 00 OOD00001 00
5 1000 1110} 1011 001000 OOD000008 10
" 10 1111 1100 1010000 OON000000

1010 (10 (K3 GOOOO00 (O0DC00000
101 (110 (001 000000 OO000000
1100 0111 (110 GOOOCHG (D000 H
110 1000 110 000001 | 00000001 10
1110 (3] 1110 (001 (HOCHOCHOH 1 1
1111 1010 1111




Weighted code

* Each decimal digit can be obtained from its
code word by assigning a fixed weight to each
code-word bit.

— BCD (8,4,2,1)

— 2421 (self-complementing: code word for the 9’s
complement of any digit may be obtained by
complementing the individual bits of the digit’s
code word)



Excess-3 code

e Self-complementing code
* Not weighted

30



D EXCESS 3 CODE CONVE

.-—..._ e

7 D Ot e
ABCD | WY
0 [ 0000 | o011
t 0001 | 0100
2 [ 0010 | 0101
$ [ oorn | o
G| ooto0 | oo
§ [ o10r | 1000
o [ 0110 | 1001
oot |
o [ 1000 | 1011
o | 1001 | 1100




Gray Code :

In a Gray code only one bit changes between each pair of successive
code words

Gray code is a reflected code. It can be defined recursively using the
following rules:

1. A 1-bit Gray code has two code words, 0 and 1.

2. The first 2" code words of an (n+1)-bit Gray code equal the code
words of an n-bit gray code,written in order with a leading O
appended.



!! 2.

4 Gray Code

3. The last 2" code words of an (n+1)-
bit Gray code equal the code words of an
n-bit gray code, but written in reverse

order with a leac

Ing 1 appended.

= Example: For a 2-bit Gray code, n=1.

1-bit Gray code

2-bit Gray code




2.4 Gray Code

.

= Example: For a 3-bit Gray code, n=2.
3-bit Gray code

2-bit Gray code




Boolean Addition,Subtraction

But how do you represent a minus sign
electronically in a computer?

How can you represent it such that arithmetic
operations are manageable?

There are two types of compliments for each
number base system.

— Have the r’'s complement

— Have the (r-1)’s complement

For base 2 have 2's complement and
1’s complement



1’s Complement

1’s complement of N is defined as (2" -1)-N.
— If n=4 have (2"-1) being1 0000 -1 = 1111

So for n=4 would subtract any 4-bit binary
number from 1111.

This is just inverting each bit.
Example: 1's compliment of 1011001
is 0100110



2’s complement

* The 2’s complement is defined as 2"-N

* Can be done by subtraction of N from 2" or
adding 1 to the 1's complement of a number.

* For6=0110

— The 1's complement is 1001
— The 2’s complement is 1010



Operation with 2’s complement

e Add 4 and -6

 Will use the 2’s complement of -6 or 1010
- 4 0100
- -6 1010
— 1110

* And taking the 2's complement of 1110 get
0001 + 1 = 0010



1.16-) Obtain the 1’s and 2’S complements of the following

binary numbers :

(a)11101010 (b)01111110 (c)00000001 (d)10000000

1’s complements:
(a) 00010101 (b)10000001 (c)11111110(d)01111111

2’s complement :
(a) 00010110 (b)10000010(c)11111111 (d)20000000



Boolean Algebra



o U s WwWiheE

Topics:

Axiomatic definition of Boolean algebra
Binary operators

Postulates and Theorems

Switching functions

Canonical forms and standard forms

Simplification of switching functions using
theorems



1. Axiomatic definition of Boolean algebra
2. Binary operators

Definition

Boolean algebra is an algebraic structure defined by a set of
elements, B, together with two binary operators + and . Provided
that the following postulates are satisfied

1. x+ye B xeye B Closure

2. x+0=x xel=x Identity

3. Xx+y=y+Xx Xey=—VyeXx Commutativity
4. x(y + Z)=XxXy + XZ X+ yzZ=(x+vy)(x+2z) Distributivity
D, x+x =1 xex' =0 Complement
6. At least 2 elements: x,y € Bsuchthatx #vy Cardinality

Postulates & AXxioms

Postulates form the basic assumptions from which it
iIs possible to deduce the rules, theorems, and
properties of the system



3. Postulates and Theorems

Postulate 1: Closure

A Boolean algebra is a closed
algebraic system containing a set
of two or more elements and two
operators . and

Y .
AND Operator Operator

(Dot/Multiplication) (Plus/Addition)



Postulate 2: Identity Property

There exists unigue elements 1 (one)
and O (zero) such that:

where " Is the Identity element for the operator

and Is the identity element forthe . operator.__



Postulate 3: Commutative

For every x and y in set 3

Postulate 4: Associative

Foreveryx ,yandZe 3



Postulate 5: Distributive Property
For every x, y and Z in set 33

Postulate 6: Complement Property

For every x in 3 there exists a unique element X such that:
X+x=1 x.x=0

Properties of 0 and 1 elements
OR AND Complement




Duality Property

If a Boolean expression Is true, the dual of
the expression Is also true. To find the dual,

Replace all OR’s with AND'’s, all AND’s with
OR’s, all ones with zeros and all zeros with

ones.
In equation form this can expressed as:

f1=F(Xy,XpX3,:::,0,1,+,9)
F(X1/X2/X3/:2:4/1,0; ++)

Find the dual of:
Sol. The dual is x.(y+z)=x.y+X.z



|- H f‘a‘ 4 r)
DdSIC BOOI

Ineorems




TTheorem 1:

a+a=(a+ay

=(a+a)

=a+aa

=a+0

r _
II.I.'ZI!‘|‘£SI)

P2b
P6a
Pla

P6b
P2a

P2b
P6a
T1b
P5b

P6b
P2a



Theorem 2: Null elements for
OR and AND operators

Theorem 3:




Theorem 4: Absorption

a+ab=a(l)+ab P2b
=a(1+b) P5b
= a{b +5b +b}Pﬁa

a (.-Er +E) Tla
= Pboa

Theorem 5: Absorption




Theorem 6

Theorem 7/




‘ Theorem 8: DeMorgan’s theorem

Theorem 9: Consensus




Postulates and Theorems of Boolean Algebra

Postulate 2
Postulate 5
Theorem 1

Theorem 2

Theorem3, involution
Postulate3, commutative
Theorem4, associative
Postulate4, distributive
Theorem5, DeMorgan

Theorem6, absorption

(@) x+0 = x
(@) X+’ = 1
(@) x+x = X
(@) x+1=1

(X') = x
(@) X+y = y+x
(@) X+(y+2)=(x+y)+2
(@) X(y+2)=xy+xz
(a) (x+y) =Xy’

(@) x+xy =X

(b) x.1 =x

(b) xy = yx

(b) x(yz) = (xy)z

(b) x+yz = (x+y)(x+2)
(b) (xy) = X'+y

(b) x(x+y)=x



Logic Simplification

s Simplif — —
i F=ab+ab+ab
1

=W)E+ab

=E+ab=(5+a)

=b+a




4. Switching functions

Boolean Functions




Boolean Functions

Define f(ﬂ],ﬂz,,ﬂy...jaﬂ)

Where:
f = Boolean function with value of 0 or 1
al, a2, a3, .... = Boolean variables (Oor 1)

= Logical functions can be represented in two
ways:
A finite, but non-unique
« A unique and finite




Boolean Functions

« Example of Boolean function or expression:

fxyz)=x+y)z+X

= MNotations:
* 115 the name of the function.

* (xy.Z) are the . each representing 1 or 0.
Listing the inputs I1s optional, but sometimes helpful.

- A IS any occurrence of an input vanable or its
complement. The function above has four literals: x, y', z, X

= Precedence is important,

« NOT has the highest precedence, followed by AND. and
then OR.




Boolean Functions

Notes:

With n variables there are 2m input combinations.

1. Recall each function can have two outputs 0 or 1, so there
are 2 different functional combinations

For n= 2 there are 4 possible For n=3, 23=8 input combinations
functions and 28=256 output combinations

Possible functions with n= 1.
there are 4 possible funchions




Truth tables

A shows all possible inputs and outputs of a funchon.
Remember that each input vanable represents either 1 or 0.

= Because there are only a finite number of values (1 and 0],
truth tables themselves are finite.

= A function with n variables has 2" possible combinations of

inputs.

Inputs are listed in binary order—in this example, from 000 to

111.

F=AB +4AC + AC

| ot | et | et | S| Q| S| S}
Hlr|lal ||~ =| =) H
bt | S| e | S| e | S| | @) 5
= =S| S| S a|lal a
Bl =8| =| 3| S| 8| &
b |l | | bl | bl | S| e | S

S al ala|l=|a| -~ &




Boolean Algebra and Logic Gates

Xty

1

X.y

1

1

X.(y+z) = (X.y)+(X.2)

1

(X.y)+x.z

X.Z

X.y

X.(y+2)

Y+z




Algebraic Manipulations for Minimization of Boolean Functions
(Literal minimization)
X+X'y = (x+x’)(x+y)
= 1.(X+y)=x+y
X(X'+y) = xx’+xy
= O0+xy=xy

X'y z+x'yz+xy’

= X'z(y'+y)+xy’

= X'z+xy’
Xy+x'z+yz (Consensus Theorem)
=xXy+X'z+yz(x+x’)
=Xy+x'z+Xyz+x'yz
=xy(1+z)+x’z(1+y)
=xy+X'z
(x+y) (X’ +2)(y+2)=(x+y)(x"+2)
by duality from function 4



Complement of a Function

(A+B+C)’ = (A+X)’
=A'X
= A’.(B+C)
=A’.(B'C’)
=A'B'C’
".(A+B+C+D+.....2) = A'B'C'D’.....7
(ABCD....Z) = A'+B’+C’+D’+....4+Z’
Example using De Morgan’s Theorem (Method-1)
F1=x'yz’+x'y’z
F1' = (x'yz2’+x’y’z)’
= (x+y’+z)(x+y+2’)
F2 =x(y'z’+yz)
F2'= [x(y'z'+yz)]
= X"+(y+z)(y'+2’)




Example using dual and complement of each literal
(Method-2)

F1=x'yz’ +X'y’z
Dual of F1 = (x"+y+2’)(x"+y’+2)
Complement = F1’ = (x+y'+z)(x+y+2’)

F2 =x(y'z'+yz)
Dual of F2=x+[(y’+Z’)(y+2)]
Complement =F2'= x’+ (y+z)(y'+2’)



Minterm or a Standard Product

n variables forming an AND term provide 2" possible combinations, called

minterms or standard products (denoted as m1, m2 etc.).
Variable primed if a bitis 0

Variable unprimed if a bitis 1

Maxterm or a Standard Sum

BIn variables forming an OR term provide 2" possible combinations, called

maxterms or standard sums (denoted as M1,M2 etc.).
BlVariable primed if a bitis 1

BlVariable unprimed if a bitis 0



MINTERMS AND MAXTERMS FOR THREE BINARY VARIABLES

MINTERMS MAXTERMS
X |y | z Term Designation Term Designation
O O O Xyz mO X+y+2z MO
0O 0 1 Xyz m1l X+y+Z’ M1
O 1 O X'yz’ m2 X+y'+z M2
O 1 1 X'yz m3 X+y'+z’ M3
1 0 O Xy'z m4 X +y+z M4
1 0 1 Xy'z m5S X' +y+z’ M5
1 1 O Xyz’ m6 X+y'+z M6
1 1 1 Xyz m7 X+y'+z' M7




FUNCTION OF THREE VARIABLES

X y Z Function fl Function f2

0 0 O 0 0

o o0 1 1 0

0o 1 0 0 0

0 1 1 0] 1

1 0 0 1 0

1 0 1 0 1

1 1 0 0 1

1 1 1 1 1
f1 = X'y'z+xy'z’+xyz =m1l + m4 + m7
f2 = X'yz+xy’z+xyz’+xyz = m3 + m5 + m6 +



MINTERMS AND MAXTERMS FOR THREE BINARY VARIABLES

f1 =x'y'z+xy’z’+xyz
f1' = X'y 2’ +x'yz’ +x'yz+xy’z+xyz’
f1 =(x+y+z)(x+y’'+2) (x+y'+2’) (X" +y+2’) (X' +y’+2)

= M0.M2.M3.M5.M6

= MOM2M3M5M6
f2 = X'yz+xy’z+xyz'+xyz
2" = X'y’ 2’ +xX’'y' z4+xX'yz’ +xy’z’
f2 = (x+y+z)(x+y+2’) (x+y’+z) (X’ +y+2)

= MO0 M1 M2 M4



5. Canonical Form and Standard Forms

Boolean functions expressed as a sum of minterms or

product of maxterms are said to be in canonical form.

m3+m5+m6+m/7 or MO M1 M2 M4



Sum of Minterms (Sum of Products)

Example: F=A+B'C
F = A(B+B’)+B’C(A+A’)
= AB+AB’+AB’C+A'B’C
= AB(C+C’)+AB’(C+C’)+AB’C+A’B'C
= ABC+ABC’+AB’C+AB’C’+AB’C+A’'B’C
= A'B'C+AB’C’+AB’C+ABC’+ABC

= ml+m4+m5+m6+m?7

F(A,B,C)=x(1,4,5,6,7)

ORingérm AND tek of variables A,B &C

They are minterms of the function



Product of Maxterms (Product of sums)

Example: F = xy+x'z
F = xy+x'z
F = (xy+x’)(xy+2) distr.law (x+yz)=(x+y)(x+z)
= (x+x")(y+x)(x+2)(y+2)
(X"+y)(x+2z)(y+2)

(X' +y+22’)(x+z+yy’ ) (y+z+xX’)

(X +y+2) (X +y+2’ ) (x+z+y) (x+z+Yy’ ) (y+z+x) (y+z+X)
= (x+y+z)(x+y’+z) (X +y+z) (X +y+2’)

= MO M2 M4 M5

F(x,y,z) = 11(0,2,4,5)

AN Dingy(erms Ma ms of the function (4 OR terms
of variables x,y&z)



Conversion between Canonical Forms

F(A,B,C) = 2(1,4,5,6,7)

= sum of minterms
F'(A,B,C) = 2(0,2,3)

= m0+m2+m3
F(A,B,C) = (mO+m2+m3)’

=m0’.m2’.m3’

= MO M2 M3

=T11(0,2,3)

—> Product of maxterms

Similarly
F(x,y,z) = 11(0,2,4,5)
F(x,y,z) = 2(1,3,6,7)




Standard Forms

Sum of Products (OR operations)
F1 =y +xy+x'yz’
“{fAND term/product term)

Product of Sums (AND operations)
F2=x(y’+z)(x’+y+z’+w)

J

_
Y
(OR té'm/sum term)
Non-standard form
F3=(AB+CD)(A’B’+C’D’)

Standard form of F3
F3=ABC’'D’ + A’'B’CD




TRUTH TABLE FOR THE 16 FUNCTIONS OF TWO BINARY
VARIABLES

X y FO|F1 | F2 | F3| F4 | F5 | F6 | F7 | F8 | F9 | F10 | F11 | F12 | F13 | F14 | F15

0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Operator + , ,

symbols / / ‘ l ‘ — - I
FO=0 F1 = xy F2 = xy’ F3 =X
F4 = X’y F5 =y F6 = xy’ +xy F7=Xx +y
F8 = (x+y)’ FO = xy +x’y’ F10 =Y’ F11 = x 4y’

F12 = X F13 =x"+vy F14 = (xy)’ F15 =1




Equivalence is also known as equality, coincidence, and
exclusive NOR.

16 logic operations are obtained from two variables x & y

Standard gates used in digital design are: complement, transfer,
AND, OR, NAND, NOR, XOR & XNOR (equivalence).



6. Simplification of switching functions
using theorems

* F(A,B,C)=2(1,4,5,6,7)
* F(A,B,C)=2(1,2,3,6,7)
* F(x,y,z)=x(1,4,5,6,7)
* F(x,y,z) =11(0,2,4,5)



