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Transmission-Line Theory

We need transmission-line theory whenever the length of a line
IS significant compared to a wavelength.




2 conductors

4 per-unit-length parameters:

C = capacitance/length [F/m]
L = inductance/length [H/m]
R = resistance/length [Wm]

G = conductance/length [Wm or S/nj
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Note: There are equal and opposite currents on the two conductors.
(We only need to work with the current on the top conductor, since we have chosen to put all of the series elements there.)
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To combine these, take the derivative of the first one with
respectto Z

uv _ o M gl op
Uz’ - X 4 - Zga_tﬁ Switch the order of the
_ _RH LL%LIJ%/ derivatives.
Uz Uc™ zZu -~
= RS ev & ‘?L-%—“ c ¥
& H 0o tu



Hence, we have:
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The same differential equation also holds for 1.

Note: There is no exact solution in the time domain, in the lossy case.
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Time-Harmonic Waves: ﬁ - W
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Note that

RG+ W(RC +LG wWLC (R j#( G | @

Z = R +jwL = seriesimpedance / unitlength
Y = G +JwC = parallel admittance / unit length
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Then we can write:
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gis called the Apropagation con
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We have: g:[(R + W(G + @)]

Question: Which sign of the square root is correct?
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g=[(R +j )(G { @)

We choose the principal square root.

Principal square root: z=re'

Jz=+/r &2 -p <g C (Notethesquare-r oot (firadical

Examples:
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g=yJ(R + )G t @

Denote: (= a'lj
A N

g = propagation constant [1/ m] b = phase constant [rad/ n']

a4 = attenuation contant [np/m]

a=Re g=2(



R+ jwlL

Re

G+ juC

g=J(R + B)(G + @

Re

There are two possible locations for the complex square root:

Im

g

Re

The principal
square root must

be in the first
quadrant.

a =Re
b =Im

t~ (@)

Hence:

az20, b20
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Wave traveling in +z direction:

V(z)= Ae” =Ae? e * (g= a4 )

T

Wave is attenuating as it propagates.

Wave traveling in -z direction:

V(2)= Aé” =Ae? % (9= a¥ )

|

Wave is attenuating as it propagates.



Attenuation in dB/m: V(z)= Ae** e'”

Attenuationin dB= -20log, %Vout
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Note: log,,(x)=0.4343 Ir( x)

Attenuationin dB/m= 8.68&



g9=J(R + B)(G @

"propagation constant”

k,= -iJ(R #L)(G j+2)

"propagation wavenumber"



Forward travelling wave (a wave traveling in the positive z direction):
V'(9=V"e” =y e*¢e*

vi(zt) = Re{(\{fe‘"‘z ej“z) é“}

=Re{((’\/o+ ejf)e"’ ef "") ét}

=Ny |e"cos(ut - bz +f

The wave nrep

b{=2
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Let 6s tvelaity bfa tixedegpoint on the wave (a point of constant
phase), e.g., the crest of the wave.

\ p (phase velocity)
/\ ,

V'(z ) =|\y | e coswt - bz +)
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Set WAt- Z =onstant

w- B D
at
az_w
dt b
W In expanded form:
Hence V= Z ~ W

Y im{ R+ W)(G + uz}



v'(2) AVAVAVA:

Assumption: A wave is traveling in the positive z direction.

Zolv+(2)

1"(2)
V+
V'(2)=V,e” © Zy=5
1"(@2)= 1,8 X

(Note: Z, is a number, not a function of z.)



Us e first Tel egrapher 6s Equati on:
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VAR A 4

I g JzY

From this we have: Z, =

Use:

Both are in the first quadrant

Y g=+/ZY lfirstquadrant
Y Z,=2INZY I right - half plane
Y Rez,2 0

Z
—> Z,= \/: (principal square root)

Y



Hence, we have

Z_\/Z_ R+ jwl
> \y G+ juwC

ReZ,2 O




V(z)=\ e” +ye& *
Vo+ ejf+ e Za jbz -<VO- ‘ejf g éjbz

Wave in +z Q

direction

Wave in -z
direction

In the time domain:
v(zt)= Re{ V( 3ejm}
=\, |e® cogwt- 2+ 1)
+V, |e ** cos(wt+ fz+f")
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A wave is traveling in the negative z direction.

V@ _, . V(@_

TR @

Note:
The reference directions for voltage and current are chosen the
same as for the forward wave.
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Most general case: A general superposition of forward and
backward traveling waves:

V(29=\['e” +\ e?

1 (2) :Ziog*\/(fegZ -y e’
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T V(2

V =\ e% + e?

(Z) V0+ € \\f © Guided wavelength:
1(z)=2L€e%- L2 e™* _2p

(2) Z, Z /g==~[m]
g= a+ b\_Tl(R jtLWG | €)

_ R+ jwlL Phase velocity:
A\ G+ juc

w
V, = > [m/s]

Attenuation in dB/m= 8.68&
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(real and independent of freq.)  (independent of freq.)



1
V, = ———

P JLC

If the medium between the two conductors is lossless and homogeneous
(uniform) and is characterized by (e ), then (proof given later):

LC =me

1
The speed of light in a dielectric medium is Cd - —
«/ /1 E

Hence, we have that: Vp — Cd

and b = M/E:%Fmdli k=/ | |

In the lossless case the phase velocity does not depend on the frequency, and it
Is always equal to the speed of light (in the material).
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Y, + ( Z) V- ( Z) Terminating impedance (load)

— | (2) i
V(z):\gegZ +\y e’ ’_—__““(Z) i Z/
\ | 0

Amplitude of voltage wave
propagating in positive z

direction at z= 0.
Amplitude of voltage wave
+ 1 propagating in negative z
v (O) VO direction at z= 0.
vV,

v (0)

Where do we assignz=07?
The usual choice is at the load.

31



Terminating impedance (load)

V(zg)=\e” +y e’ @) i /
o———b—|
T V(2 i i Z.
Can we use z=z, as O ——— ]y 7
a reference plane? 2= 4% | 1 z=0
V' (z)=\ e Vi (z)=V e
Y V, =Vz) &% Y V; =V (z)e®



Terminating impedance (load)

LGS B
"v() [z,

o—-——b—,_,z
z=0

Compare:

V(z)=V"(0) e” +V(0) e®

V(9=V'(3) et +v(g &°

This is simply a change of reference plane, from z=0to z= z,.
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Terminating impedance (load)

| |
What is V(-d) ? 1 (-d) i f
V(- d) [z
| | -
| |
.  z= d 1 2=0
V(-d) /¢ ¥ye?
Propagating Propagating
forwards backwards
The current at z=-d is then:
Vo Vo 59 d1 dist from load
| (_ d) — egd -2 a IStance away 1rom loa
ZO ZO (This does not necessarily have to be the length of the entire line.)
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G-d) = reflection coefficient at z=-d
A

V(-d) 24 ¢ ye? \;t*éﬂgi‘g Vo g o

¢ Vo
or —
V (_ d) j/* éd (1 + é 9) G ! load reflection coefficient
0 L
VA
Similarly, G 1VZ+
1 (-d) —\g egd(l -Lﬁg) G(d) =&~
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Z(-d)=i mpedance seen Al oox=i-kdngo t o w:

| |
: I(-d) : Note:
e —— If we are at the
I V(-d) I Z, beginning of the line,
. c—— ] we will call this the
: — Ai nput i mp|e
|

Volj" IQ_)\O
()]
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At the load (d = 0):

al+ G
G

Z Y

|- Ol:_\Oz

2(0) =2,

.

At any point on the line(d > 0):

2 - 4
2
G d) = &~
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Simplifying, we have:

N
o
S
1
N

Hence, we have

a é‘ZL'Zo 6-290' 6

&z, ® 02 8(2.72) {2 7)e”
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B 0(";'A:Z(,cosr(gd)+zL sinf{_g) -
4z, +Z,tanh(gd)
Z(-d) =Z
(-d) (‘;”ZO+ZL tanh(gd)



Lossless: g :/’1? H bOF

V(d) aper(l 4 &)

\VARRS |
(-d) 2o (1 - &)
Zo Impedance is periodic with period / /2:

The tan function repeats when

é-l"' ge-Zjbd

Z(' d) :Zo?ﬁ_ Ge 21 b(d,- d) =p
. _ i_p(dz' dl) v
2(- d) :ZOEZL+ jZ,tan( bd) o
E:IZO'I_ JZLtan(bd) Y dz' dl #9/2

Note: tanh(gd) = tanif j &) = tag dj



0—-——5—, — 7
Z(-d) mmm) | z= d 2=0
5 2 - 4
7o) 2 G & * 7,
az, + / =27
Zotanh( ) g b
0% +Z, tanh(gd) W
V. o= —
b

g= a+f bFR UG | €)
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L Vv(-d) Z,
| —_ Z
Z( d) ‘ | z= d z=0
_ Z,- 2,
al+ 2™ 5 G =
Z(' d) - & gg-Zjbd 0 Z + 74
¢ i 20 2p
_ éZL-I_ jZ, tan( bd) S p Kk 7
ngo+ jz, tan(bd) v
p:Z %

b= wLC = ¢ m&
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G\_ :ZL- ZO 8
VAR \
No reflection from the load
-20d 7
Z(-d) = i+ @ Y Z(-d) =Z, forany z



Lossless Case

c::l;/+jZ tan( b

ot j/Z tan
Z(-d) =jz,tan(bd)

Always imaginary!
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Lossless Case

X

SC

Inductive
A

\/

0

Capacitive

1/4

1/2

Z(-d) =X,

X, = Zytan(bd)

d//

Z(-d) =jz,tan(bd)

Note: bd =2 pd—
/g

ly= 1
’ (lossless)

S.C. can become an O.C. with a
/9/4 transmission line.
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Lossless Case

_  1(-d) |

a _2"'2 :+ :

V9 |

GL _1- ZO/ZL ._I-— Ib > Z
1+2,1Z, Z(-d) ‘ 2= d 1 2=0
G =3

Azt jzptan(bd) o o 81+(2,/2)tan(bd)
2(-d) _Zog:z0+jZLtan(bd) 2(-d) ZOEC(ZO/ZL)+ jtan(bd)

Z(— d) = j-ZOCOt(bd) Always imaginary!



Lossless Case

d
Inductive Note: bd =2 ,0/—
A g
/] =
d// o= b
J (lossless)
\j
Capacitive
O.C. can become a S.C. with a
/g/4 transmission line.
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We can obtain any reactance that we want from a short or open transmission line.

This is very useful in microwave engineering.

A microwave filter constructed from microstrip line.
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Find the voltage at any point on the line.

< I >
()
+ Ly, - *
Vin Zy,9 ) V(2) Z
Zin |_> 2=0
At the input:
a Z ———————
V(-1) Mo + L [
C <in Th V_I_h V(-l) - Zin
az, +Z,tanh(gl) - -

Zin = Z( 'l) ZO?ZO +Z|_ tanh(gl)




V(Z):\\gegz,(l"' " g) “ _zL;zo
!

Incident (forward) wave (not the same as the initial wave from the source!)

At z=-|: o
a Z
_ + lg — in
V(-1) (1 + &Y VhEEZiHZTh
a Z o.a 1
Y VS =\ . in g
Tz, C e
Hence




Let 0s dadaternawe form af the previous result.

| a1+ G
.z =7( -
Start with: n=2(4) Zogi- o
7 é1+ g_:e-Zgi 6
z, __ '8 e¥ 2 Z,(1+ Ge*)
Z,+Z, &+ G* 6, z,(1+ ge¥) E, (1 e®
Z,: Z.
og&i_ Ge % 1_5 T
Z,(1+ @)

(Zw+2%) + @% (% %)
&z, o 1+ &™)
_OEZTh"'Zo E -2 ézo' Ly,
g o ge QQETh'FZO
&z, o (1t ¢”)
%7 +7. 2 az. - Z,

C“~Th =1 -2 Th

i glgETh"'Zo

|- O: Ot

- O: Ot
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Hence, we have
Z, _3 Z, 0B g™

Zin + ZTh _((;:‘Zo +ZTh +U~1§,d:(‘;‘s L éggi

L. - : -
where G 1”‘—Z° (source reflection coefficient)

Substitute S Z + Zo
Th
Recall:
a z 0, »al+ G
V(7= ) in a(l £) )
( ) \4hg~"zin +ZTh ? E;e-l- + L@Zgi
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v

a z, Qg I G
V 7) = . 0 g( -(|))
(2 5 1z G &

/

This term accounts for the multiple (infinite) bounces.

The Ainitialo voltage wave that would exi
(we have a semi-infinite transmission line or a matched load).
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Zin |_> 2=0

Wave-bounce method (illustrated for z =-I):

We add up all of the bouncing waves.

+ ¥ (+Lé52'9) G

S

e.l.
)b | f ) e (3Rl @)



Group together alternating terms:
G( 6 &%) (+ @ .
a z é 2
V('I) :VThg?Zﬁ g +L£gig|- ( T sg2|¢ ( L §|'92| G.. E

+...

é
e
Geometric series:

Az=1+« ¥ +—1=Hzl zt G @
n=0 1- z
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This agrees with the previous result (setting z =-I).

. ) 6 5 2 +207
Previous (alternative) result: V(z):whaeziioz g ® l]i ge@za
C“o Th C s7L

Qo

The wave-bounce method is a very tedious method i not recommended.
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|
|
|
P(2) = power flowing in + z direction - V(2 1 Z
- e—— |
| | — ?
At a distance d from the load: i . z=0
Lo V(3 1(3 ERT
VAR
K éV+2 2 2 o I(z):Z—Ooeg (1 @* g)
“Re€ 2l g ‘"(1+ @ g)(l eég) u _
2 Q ZO H g= at b
1 éV*’ 2 g 1 ‘_%_2 .
2az da)| )= 2 a g *
2Regz—e (1{Lq§e )32+Re%) e (Leé’ Lezﬁ
u
If Z,° real (low-loss transmission line): Note: *
V+ , GLe+2gz _ L@Q oz
1 o .
P(Z)O 2 7. 2az( qj ) (please see the note) = @& (' ng)

= pure imaginary -



P(2)

Low-loss line

0 E ‘V0+

2

2

112
0

ZO

1
2

Zo ézaz(l-l L('§l

-2az
e

J/

iy
Power in forward-traveling wave

Lossless line (a = 0)

e

|
|
|
+ |
. V(3 L Z
- es—— | -
: |
|
‘“’Z) | 2 1 z=0
2
}‘Vo" | qjeﬂaz
2 7z 't
0
Power in bank\rfd-traveling wave . NOte:I
or a very Iossy
line, the total

power is not the
difference of the
two individual
powers.
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Zin = ZOT

SO

az, + jZ, tanbd

Lossless line

cZyr + jZ, tanbd

{

—
ZO ZOT ZL
() ’—I

z == d=/,/4

Matching condition
(in :i) YIZ%\ 2%
2
Y Z, Lo
ZL

(This requires Z to be real.)

Hence

Lor = \ 2y



Example

Match a 100 Wload to a 50 Wtransmission line at a given frequency.

Lossless line

50W Zo; Z, =10q W

A
v

Z,. =~/100 350
=170.7 Z, =70.7 \



